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Design and use of an Elsässer probe for analysis of Alfvén wave fields
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We have designed an electric and magnetic field probe which simultaneously measure both quantities in the directions perpendicular to the background magnetic field for application to Alfvén wave
experiments in the Large Plasma Device at UCLA. This new probe allows for the projection of
measured wave fields onto generalized Elsässer variables. Experiments were conducted in a singly
ionized He plasma at 1850 G in which propagation of Alfvén waves was observed using this new
probe. We demonstrate that a clear separation of transmitted and reflected signals and determination of Poynting flux and Elsässer variables can be achieved. © 2011 American Institute of Physics.
[doi:10.1063/1.3649950]
I. INTRODUCTION

First predicted by H. Alfvén in 1942,1 Alfvén waves have
become one of the most studied plasma waves because of
their numerous applications to space physics2–5 and magnetically confined plasmas.6, 7 To measure these waves, both magnetic and electric field probes have been employed. The most
common type of magnetic field probe is a Mirnov coil,8 also
known as a magnetic loop probe, or “b-dot” probe. When a
time varying magnetic field passes through the coil, a voltage
is induced in the wire. By using Faraday’s law, the magnetic
field can be determined from the voltage by time integration
of the measured signal. Mirnov coils have long been used to
measure magnetic fields on the outside edge of tokamaks.9, 10
These types of probes have also been applied to the measurement of waves in linear plasma columns. Thuecks et al.11 used
a probe consisting of three orthogonally placed Mirnov coils
(triple axis probe) to measure the vector magnetic field of
an Alfvén wave produced by an arbitrary spatial waveform
antenna.12 Further experiments by this group used this tool
to measure the damping rates of the waves under different
plasma conditions.
The double probe is the most frequently used technique
for measurement of an electric field in plasmas. The basic idea
is that the electric field can be determined by measuring the
voltage difference at two radially separated probe points divided by their distance apart.13 This type of probe was successfully used on a wide range of space missions, including
the ISEE-1, DE-2, Freja, and Cluster satellites, to measure
electric fields in ionospheric14 and magnetospheric15, 16 plasmas. One of the main problems with this tool for laboratory
plasmas, as with other electric probes, is that they have limited bandwidth. Most electric probes are connected to amplifiers outside the plasma by long pieces of coaxial cable,
which have an internal capacitance that limits the bandwidth
of the probe. One way to solve this problem is by capacitance
neutralization.17 In this technique a double shielded cable is
employed with a unity-gain amplifier connected between the
center wire and the inner shield. This will effectively reduce
the capacitance in the cable to nearly zero and, subsequently,
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the losses at high frequencies will be reduced. However, instability issues can arise with this method which can further limit
the bandwidth. Another problem with the double probe technique is that electrostatic pick-up from drift waves,18 typically
very strong near the plasma edge, can make measurements of
the electric field very noisy in laboratory plasmas, which can
subsequently limit the sensitivity of the probe. The simplest
approach to suppressing low frequency drift waves is to add a
high pass filter circuit. This method has long been used with
laboratory plasma probes19, 20 and satellites/orbiters.21
We present a new type of diagnostic tool, that we call
the Elsässer probe, which can be used to measure simultaneously the electric and magnetic fields of a plasma wave. In our
implementation, we measure wave fields in the plane perpendicular to a fixed magnetic field in the plasma. In Sec. II, we
discuss the theory of the Elsässer probe and the relationship
between the Elsässer variables and the measured quantities.
In Sec. III, we describe the construction and calibration of
the probe and also discuss how to offset effectively the need
for the capacitance neutralization technique. In Sec. IV, we
present the experimental conditions used to test this new type
of probe. In addition, we show data from the probe and discuss the results in terms of the theory.
II. ELSÄSSER PROBE THEORY

For an ideal, incompressible MHD plasma, the equations
of evolution are given by
∂v
∇ p B · ∇B
+
,
+ v · ∇v = −
∂t
ρ0
μ0 ρ0

(1)

∂B
+ v · ∇B = B · ∇v,
∂t

(2)

∇ · v = 0,

(3)

∇ · B = 0,

where v is the fluid velocity, B is the magnetic field, p is the
thermal pressure, μ0 is the permeability of free space, and ρ 0
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is the density. Note that the density ρ 0 is a constant in incompressible MHD. Elsässer first recognized that, when the
√
magnetic field is expressed in velocity units as B/ μ0 ρ0 , the
22
equations have a symmetric form. By adding and subtracting Eqs. (1) and (2), the equations for incompressible MHD
can be expressed in the symmetric form
∇p
∂z±
∓ V A · ∇z± + z∓ · ∇z± = −
,
∂t
ρ0

(4)

where the magnetic field has been decomposed into its equilibrium and fluctuating parts B = B0 + δB, the Alfvén velocity due to the equilibrium magnetic field B0 is given by
√
√
V A = B0 / μ0 ρ0 , and z± = v ± δB/ μ0 ρ0 are the Elsässer
+
variables. The Elsässer variables z represent a wave traveling down the mean magnetic field and z− is a wave traveling
up the magnetic field. The second term on the left-hand side
of Eq. (4) represents the linear propagation of the Elsässer
variables along the mean magnetic field at the Alfvén speed,
while the third term represents the nonlinear interaction between parallel and anti-parallel propagating waves. The pressure gradient ensures impressibility of the fluctuations.
The Elsässer variables can be used to separate Alfvén
waves traveling up the magnetic field from those traveling
down the field by adding and subtracting the velocity and
magnetic field fluctuations. This property can be exploited
to design an Elsässer probe that can distinguish counterpropagating Alfvén wave signals measured in the laboratory.
Although laboratory plasmas are not generally well described
as incompressible MHD plasmas, this property of Alfvén
waves continues to hold, in a general sense, even when a more
detailed plasma description is used, such as cold plasma theory or kinetic theory. In these cases, one must use generalized Elsässer variables to separate the signals from counterpropagating Alfvén waves, as detailed below for the case of
cold plasma theory.
Another issue is that direct measurement of the wave velocity perturbation v in the laboratory is difficult. However,
in a magnetized plasma, this fluid wave velocity is simply related to the electric field perturbation. To first order, the linear
fluid velocity perturbation is given by the E × B drift in the
mean magnetic field, so we may replace the fluid velocity by
v = E × B0 /B20 . The generalized Elsässer variables can then
be given by
z± = Cc f

E × B0
δB
,
±√
2
μ0 ρ
B0

(5)

where E × δB is the Poynting flux and Ccf is a correction
factor (which may depend on plasma parameters) to account
for deviations arising in the Alfvén wave properties when a
more complete plasma description than incompressible MHD
is chosen. Below we describe in detail the calculation of this
correction factor using cold plasma theory.23
To find a relationship between the electric and magnetic
field fluctuations for a cold plasma Alfvén wave, we first
specify, without loss of generality, a magnetized plasma with
equilibrium magnetic field B0 = B0 ẑ and a linear perturbation with a wave vector k = k x x̂ + k z ẑ. We want to consider
the cold plasma limit of the low-frequency Alfvén wave, so
we specify a frequency ω that satisfies the limits kvts  ω

√
< i  ωpi , where v ts = 2k B Ts /m s is the thermal velocity for either species s, i is the ion cyclotron frequency,
and ωpi is the ion plasma frequency. For wave vectors relevant to the Large Plasma Device (LaPD) at UCLA with
k  k⊥ , the Alfvén wave mode has δBy = 0 and δBx = δBz
= 0. After Fourier transforming the Ampére-Maxwell law in
both space and time, it is clear that the Alfvén wave mode will
have associated electric field components Ex = 0, Ez = 0, and
Ey = 0.
For the chosen cold plasma Alfvén wave limit, the plasma
conductivity expresses the x and z components of the current in terms of the x and z components of the electric
field,
Jz = −iε0

ω2pe

Jx = −iε0 ω2pi

Ez ,

(6)

Ex
,
ω2 − 2

(7)

ω

where ε0 is the permittivity of free space. Substituting these
expressions for the current into the Ampére-Maxwell law, and
using Faraday’s law to express the magnetic field in terms of
the electric field, we obtain a matrix expression with a solvability condition that yields the dispersion relation for cold
plasma Alfvén waves,

ω2 = k z2 V A2

1 − ω2 /i2
1 + k x2 δe2


,

(8)

where δ e = c/ωpe is the electron skin depth.24 In the parenthesis, the numerator contains corrections for the limit of finite
wave frequency (compared to the ion cyclotron frequency),
and the denominator contains the correction for electron inertia at small perpendicular scales.
Substituting Eq. (8) into Eq. (6), we obtain a final expression for Ex (normalized by VA B0 ) in terms of δBy /B0 ,
δ By
Ex
=∓
V A B0
B0







ω2
1 + k x2 δe2 1 − 2 .
i

(9)

For the specified wave vector, the normalized generalized
Elsässer variables for the cold plasma Alfvén mode are given
by
δ By
z±
Ex
= Cc f
±
.
VA
V A B0
B0

(10)

So the correction factor for this system is given by





1
ω2
2
2
(11)
= ± 1 + k x δe 1 − 2 .
Cc f

Therefore, by adding and subtracting the perpendicular
electric and magnetic field measurements with this correction
factor, we may distinguish an Alfvén wave traveling up the
field (z− ) from one traveling down the field (z+ ).
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FIG. 2. Circuit diagram for front end of the electric field probe.

FIG. 1. Picture of the Elsässer probe. The thin insulation of the B-dot
(Mirnov) coil magnet wires (at the tip of the probe) are here shown protected
from the plasma by a coating of epoxy.

III. DESIGN AND CALIBRATION OF
THE ELSÄSSER PROBE

The prototype Elsässer probe was designed to allow for
simultaneous measurements of Bx , By , and Ex in a plasma, that
is, the two components of B perpendicular to B0 and one component of E⊥ . To measure the magnetic field components, we
constructed two B-dot coils with forty 1.6 mm diameter loops
of magnetic wire and oriented them such that one is in the x̂
plane and one is in the ŷ plane. For the electric field measurements, we have assembled a double probe constructed out of
two circular pieces of tantalum wire, allowing for measurement of Ex . Tantalum was chosen since it has a very high
melting point. As shown in Fig. 1, the length of the probe
from the end of Mirnov coil to the edge of the second E-field
wire is 1.9 cm (∼0.75 in.).

A. Design considerations

As discussed above, the main issue with magnetic and
electric probes is that they have limited bandwidth due to the
internal capacitance of the coaxial cable. To alleviate the need
for long pieces of coaxial, we have included an integrated amplifier circuit located 15 cm from the probe end within the
vacuum chamber for all three measured components, Bx , By ,
and Ex . Since this distance is short, relative to the lengths of
the coaxial cables normally used, the total capacitance in this
cable is small, approximately 15 pF. However, this strategy
does have one problem associated with it: heating of the electronics. The amplifier circuit is placed in an aluminum box
inside of the plasma chamber, which is under vacuum. The
combination of the heating from the plasma and the power
dissipated by the electronics in the box can cause the circuit
to overheat and the amplifiers to go into oscillation or to damage permanently the amplifiers by taking them outside of their
specified temperature range. To solve this problem we include
a conductive cooling adapter at the end of the aluminum box
furthest from the probe tip. A copper block, with a U-shaped
cavity drilled through it, is placed at the end of the aluminum
box. Two pieces of copper tubing are soldered into each side
of the U-shaped cavity. Compressed air, at room temperature,

is circulated through the tubing allowing for conductive cooling of the box.
Another issue is the effect of the probe sheath on the frequency response. Series capacitors are used on the input to
provide protection for the amplifiers from the high dc voltage
possible in the cathode discharge and the large amplitude low
frequency drift waves. The front end of the E-field probe circuit is shown in Fig. 2. The voltage on the two loops, located
at x and x + x, and the sheath capacitance and resistance
are shown on the left-hand side of the circuit diagram. Based
on the plasma parameters for our experiment (see Sec. IV)
ω, the sheath capacitance is negligible. The
and since ωpi
sheath impedance for this circuit can be estimated from the
derivative of the I-V curve,25
Rsh ≈

λD
,
Aε0 ω pi

(12)

where A is the cross-sectional area of the probe and λD is the
Debye length. In the prototype probe, described here, R3 and
R4 were set to 50 . Using Eq. (12), we see that the sheath
impedance is close to 550  which is 11 times higher than the
circuit input impedance. If R3 and R4 have values lower than
the sheath impedance, the RC roll off for this circuit will be
dominated by the sheath. Thus, in subsequent versions of the
probe we set the value of these two resistors to 10 k, which

FIG. 3. Diagram of Iowa arbitrary spatial waveform antenna. (Ref. 12).

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://rsi.aip.org/rsi/copyright.jsp

103505-4

Drake et al.

Rev. Sci. Instrum. 82, 103505 (2011)

correlation of the input and output signals gives the transfer
function of the amplifier circuit starting at the probe tips.26 An
additional calibration was performed from the experimental
data. Since we have an absolute calibration for the magnetic
field data and VA can be determined from the plasma parameters, the electric field can be calculated from Eq. (8) provided
that ω and kx are known. The result can then be compared
with the measured electric field data to determine if the probe
is working correctly.

IV. EXPERIMENTAL APPROACH AND ANALYSIS

FIG. 4. Calculated kx spectra based on the tuning pattern for each of the 48
copper mesh elements in the antenna.

allows us to control the frequency response for this circuit
at high frequency. Additionally in our experiments, we suppress the drift waves, which typically have frequencies below
100 kHz, by adding an RC circuit on the gain setting
impedance of the amplifier.
B. Calibration of probe

We performed an absolute calibration of the magnetic
field part of the probe by using a Helmholtz coil in conjunction with an arbitrary waveform generator. The magnetic field
is measured at the center of the coils using agaussmeter, and a
relationship between coil current and magnetic field is determined at low frequency. The Elsässer probe is then placed at
the same position in the coils as the gaussmeter and a relationship between the magnetic field at the input of the probe and
the voltage measured at the output of the probe is determined
as a function of frequency.
To calibrate the electric field probe a white noise source
is used to apply a voltage across the tips of the probe. Cross-

We briefly describe here the experimental approach for
our measurements. Further information can be found in the
references for earlier works.11, 12 This experiment was performed in the LaPD at UCLA.27, 28 The LaPD is a 20.7 m
long vacuum chamber, which can produce a plasma column
of 40–70 cm in diameter. The experiments took place in 50%
ionized He plasma29 0.1 ms into the afterglow. From a swept
Langmuir probe, in conjunction with a microwave interferometer, the density in the measurement region was determined
to be 9.0 × 1011 cm−3 and the electron temperature was 4.5
eV. The background magnetic field was set to 1850 G, which
yields an Alfvén speed of 3.0 × 108 cm/s and puts us in the
inertial regime (VA > vte ). From these plasma parameters, the
electron cyclotron frequency was determined to be 5.1 GHz
and the electron skin depth, δ e = c/ωpe , was 0.56 cm.
To produce the waves, we are using the Iowa arbitrary
spatial waveform antenna described in Ref. 12. This antenna,
shown in Fig. 3, consists of a set of 48 vertical copper mesh
grids of dimension 2.5 cm × 30.5 cm. Each element is separated by 0.64 cm and can be individually driven by a temporally identical signal with varying amplitudes from 1 to −1.
By varying the amplitude of each grid element, we are able to
create an arbitrary spatial waveform across the array in the x̂
direction with effectively no variation in the ŷ direction. This
allows us to tune our antenna to produce a planar wave with a
specific kx value.
To tune the antenna effectively to a particular kx value,
we start by tuning each grid element to a value between −1

FIG. 5. (Color online) The kx spectra as a function of time.
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FIG. 6. (Color online) The By and Ex components of the kx = 0.5 mode of
the Alfvén wave for a short pulse after the plasma is turned off.

and 1. Next, we integrate across all 48 grid elements to determine the approximate configuration of the magnetic field
in the ŷ direction. A Fourier transform of the magnetic field
then provides a good estimate of the kx spectra for a particular tuning pattern. For the experiments reported here, we have
designed a wave with kx = 0.6, see Fig. 4.
A time series was recorded at each spatial position in the
plasma with a sampling rate of 12.5 MHz. Since the shot to
shot variation in the LaPD is minimal, averaging of 10 shots
per spatial position was sufficient to achieve a signal-to-noise
ratio of 20. Fourier transforms were performed on the data
at every time step to separate each of the kx components. An
example of the kx spectra as a function of time is shown in
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Fig. 5. In the figure we can clearly see the shut off of the
plasma at t = 10 ms. In addition, two modes are observed at
kx = 0 and 0.5. The kx = 0 mode, or coaxial mode, is always
present in the plasma at the LaPD since it is very easy to excite. However, this is not an Alfvén wave. For this research
we are working with the kx = 0.5 mode, which is an Alfvén
wave and was excited by the waveform antenna as seen in
Fig. 4.
The By and Ex components of the Alfvén wave for this kx
component using a short pulse are shown in Fig. 6. The figure clearly shows two sets of wave packets. The first packet
shows By and Ex in phase with each other, while the second
packet shows that they are out of phase by 180◦ . Based on the
calculated Alfvén speed of 3.0 × 108 cm/s and the distances
between the probe and the antenna and the probe and the cathode, we determined that the first wave packet is the incident
wave produced by the antenna and the second packet is from
reflection off the cathode. By determining the Poynting flux,
we can distinguish the incident wave from the reflected wave
more effectively. In Fig. 7 we can see the transmitted signal
from the antenna (initial peaks) and the reflected signal off the
cathode (smaller peaks beginning 0.05 ms later).
In addition to measuring the Poynting flux, we computed
the ratio of Ex to By from Eq. (9), where Ex = V/x. We
found a value of 3.92 × 109 cm/s, which is much greater than
the 3.0 × 108 cm/s calculated from the plasma parameters.
However, we have not included the effects of plasma coupling on the electric field. Recall that in Sec. III of the paper
we showed that the sheath impedance is 11 times higher than
the actual 50  we had in the circuit. Including this factor in
the calibration of Ex , we find that the Alfvén speed is 3.57
× 108 cm/s, which is in good agreement with the calculated
value from the plasma parameters.

FIG. 7. The Poynting flux as determined from the data in Fig. 6. Shown are the transmitted signal from the antenna (initial peaks) and the reflected signal off
the cathode (smaller peaks beginning 0.05 ms later).
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V. CONCLUSIONS

The prototype Elsässer probe, as described in this paper, was developed to measure electric and magnetic fields
in a plasma wave. We tested it using an Alfvén wave propagating in the x̂ − ẑ plane of the LaPD in 50% ionized He
plasma. The results indicate that discreet measurements of
the transmitted and reflected signals are readily achievable.
Once the sheath impedance was included in the calculations,
the error in the signals, as compared to the Alfvén speed,
was determined to be about 20%. In addition, we presented
calculated values for the modified Elsässer variables normalized to the Alfvén speed. The results show that we are able
to measure very small wave fields using this new type of
probe.

FIG. 8. (Color online) Calculated values of the modified Elsässer variables
normalized to VA .

Another important measurement is that of the error in the
intensities of the Ex and By spectrum. This error can be estimated from the method of error propagation,
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Taking the calculated value of the Alfvén speed and values for the calibrated transmitted peaks of By and Ex , where
the sheath impedance is included in the calibration, we find
that the error in the signal is approximately 20%. Although
we did adjust our calculations to take into account that By and
Ex are measured about 1 cm apart, some of the error in the
signal maybe due to the fact that this distance is not exactly
1 cm since the Ex loops were not perfect circles. Another
source of systematic error which may account for this difference is that all calibrations were done on a workbench in air
and not under laboratory plasma conditions.
Finally, we can use Eq. (5) to determine the generalized
Elsässer variables. We present these results in Fig. 8, where
we have normalized to VA . As in the case of Fig. 6, we can
easily identify the incident (z+ ) and the reflected (z− ) waves
using this method. We notice in the figure that part of the z−
wave appears to be present at the beginning of the z+ wave.
This apparent oscillation in the signal is due to the fact that
the Alfvén wave pulses emitted by the Iowa spatial waveform
antenna have a broad frequency spectrum. In Eq. (5) we calculated the value of z± using only the characteristic frequency
of the wave, f = 350 kHz. This error could account for part
of the 20% error in the Alfvén speed, as determined from
Eq. (13).
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